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Exercise 8.1 S-operator for two interacting scalar fields (cont’d) (1 point)

Consider again the field theory of a complex scalar field φ (particle φ and antiparticle φ̄)
and a real scalar field Φ (particle Φ) from Exercise 7.2 with the Lagrangian density

L =
1

2
(∂µΦ)(∂µΦ) −

1

2
M2Φ2 + (∂µφ†)(∂µφ) − m2φ†φ + Lint,

where Lint = λφ†φ Φ , and make use of the perturbative expansion worked out there.

a) Calculate the S-matrix element Sfi = 〈f |S|i〉 in lowest non-vanishing order between

the initial state |i〉 = a
†
Φ(k)|0〉 and the final state |f〉 = a

†
φ(p1) b

†
φ(p2)|0〉, where a

†
Φ(q),

a
†
φ(q), b

†
φ(q) are the creation operators of the particles Φ, φ, and φ̄, respectively.

b) Assuming M > 2m, calculate the lowest-order decay width

ΓΦ→φφ̄ =
1

2M

∫

dΦ2 |Mfi|
2

for the decay Φ → φφ̄, where Φ2 is the 2-particle phase space of the final state (see
Exercise 5.2) and the transition matrix element Mfi is related to Sfi by

Sfi = (2π)4δ(4)(k − p1 − p2) iMfi.

Exercise 8.2 Fundamental representations of the Lorentz group (2 points)

The general form of Lorentz transformations in the two fundamental representations of
the Lorentz group is given by

ΛR = exp
(

− i
2
(~φ + i~ν) · ~σ

)

, ΛL = exp
(

− i
2
(~φ − i~ν) · ~σ

)

with the real group parameters ~φ = (φ1, φ2, φ3)
T, ~ν = (ν1, ν2, ν3)T and the Pauli matrices

~σ = (σ1, σ2, σ3)T.

a) Show that Λ†
R = Λ−1

L and Λ†
L = Λ−1

R .

b) Show that det(ΛR) = det(ΛL) = 1 using det(exp(A)) = exp(Tr(A)) for a matrix A.

c) Which transformations are characterised by Λ†
R/L = ΛR/L, which by Λ†

R/L = Λ−1
R/L?

d) Calculate ΛR and ΛL for a pure boost in the direction ~e, |~e | = 1, i.e. with ~ν = ν~e,
~φ = 0, and for a pure rotation around the axis ~e, i.e. with ~φ = φ~e, ~ν = 0.

Please turn over!



Exercise 8.3 Connection between ΛR, ΛL, and Λµ
ν (1 point)

The general matrix representing a Lorentz transformation of a four-vector is given by

Λµ
ν = exp

(

−
i

2
ωαβMαβ

)µ

ν
with (Mαβ)µ

ν = i(gαµgβ
ν − gβµgα

ν)

and the antisymmetric parameters ωjk = ǫjklφl and ω0j = −ωj0 = νj . The connection
between ΛR, ΛL (see Exercise 8.2) and Λµ

ν is

Λ†
RσµΛR = Λµ

νσν , Λ†
Lσ̄µΛL = Λµ

ν σ̄ν ,

where σµ = (1, σ1, σ2, σ3) and σ̄µ = (1, −σ1, −σ2, −σ3). Verify these relations for in-
finitesimal transformations with the parameters δφk, δνk.


