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Exercise 8.1 S-operator for two interacting scalar fields (cont’d) (1 point)

Consider again the field theory of a complex scalar field ¢ (particle ¢ and antiparticle @)
and a real scalar field ® (particle ®) from Exercise 7.2 with the Lagrangian density

£ = 30u2)(00) — M8 + (0,6)(9"0) — 2610 + Lin,

where Ly = AT @, and make use of the perturbative expansion worked out there.

a) Calculate the S-matrix element Sy; = (f|S]i) in lowest non-vanishing order between
the initial state |i) = al (k)|0) and the final state | f) = a¢(p1) b 5(p2)|0), where ak (q),
aL(q), b;(q) are the creation operators of the particles ®, ¢, and ¢, respectively.

b) Assuming M > 2m, calculate the lowest-order decay width

1
Logs = m/d% |My;l?

for the decay ® — ¢¢, where ®, is the 2-particle phase space of the final state (see
Exercise 5.2) and the transition matrix element My, is related to Sy; by

S = (27T)45(4)(k: —p1 — Do) iMy;.

Exercise 8.2 Fundamental representations of the Lorentz group (2 points)

The general form of Lorentz transformations in the two fundamental representations of
the Lorentz group is given by

Ax=exp (<5(@+i0)-5),  AL=exp(=1(6— i) &)

with the real group parameters ¢ = (1, o, $3)T, U = (v1, 1, 5)T and the Pauli matrices
7= (ot 0% 7.

a) Show that A}, = A;' and Al = AR
b) Show that det(Agr) = det(Ar) = 1 using det(exp(A)) = exp(Tr(A)) for a matrix A.
¢) Which transformations are characterised by AL = Ag/1,, which by A}r{ = AR}L

)

d) Calculate Ag and Ay, for a pure boost in the direction €, |e \ =1, i.e. with 7 = ve,
<;5 = 0, and for a pure rotation around the axis €, i.e. with qb oe, v =0.

Please turn over!



Exercise 8.3 Connection between Ag, Ar, and A*, (1 point)

The general matrix representing a Lorentz transformation of a four-vector is given by
i 1
Aﬂu = eXp (_§waﬁMa5) Wlth (Maﬂ)ﬂu = i(ga#gﬁu - gﬁﬂgau)

and the antisymmetric parameters wj, = €;u¢; and wy; = —wjo = v;. The connection
between Ag, A (see Exercise 8.2) and A¥, is

Abo"Ag = A" 0¥, Alg"Ap = A* 57,

where o = (1,0',0%,0%) and o* = (1,—0', —02,—03). Verify these relations for in-

finitesimal transformations with the parameters d¢y., dvy.



