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Lecture “Supersymmetry”

1 Conventions for Weyl spinors

• Weyl spinors (anticommuting!): covariant: ξa, contravariant: ξ̄ȧ.

• Spinor metric:

ǫ = (ǫab) = (ǫab) = (ǫȧḃ) = (ǫȧḃ) =
(

0 1
−1 0

)

. (1)

• Raising / lowering of indices:

ξa = ǫabξb, ξa = ξbǫba, ξ̄ȧ = ǫȧḃξ̄ḃ, ξ̄ȧ = ξ̄ ḃǫḃȧ. (2)

• Complex conjugation:

ξ̄ȧ = (ξa)
∗, ξa = (ξ̄ȧ)∗, (ξaηb)

∗ = η̄ḃξ̄ȧ, etc. (3)

• Spinor product:

ξη ≡ ξaηa = ǫabξbηa = ηξ, (4)

ξ̄η̄ ≡ ξ̄ȧη̄
ȧ = ǫȧḃξ̄

ȧη̄ḃ = η̄ξ̄ = (ξη)∗. (5)

• Schouten identity and spinor relations:

0 = ǫabǫcd + ǫacǫdb + ǫadǫbc, ξaηb = ξbηa − ǫab(ξη), ξaξb = −

1

2
ǫab(ξξ), (6)

0 = ǫȧḃǫċḋ + ǫȧċǫḋḃ + ǫȧḋǫḃċ, ξ̄ȧη̄ḃ = ξ̄ ḃη̄ȧ + ǫȧḃ(ξ̄η̄), ξ̄ȧξ̄ ḃ = +
1

2
ǫȧḃ(ξ̄ξ̄), (7)

• Differentiation wrt Weyl spinors:

∂

∂θa
θb = δba,

∂

∂θa
= ǫab

∂

∂θb
,

∂

∂θa
θb = −δab , (8)

∂

∂θ̄ȧ
θ̄ḃ = δȧ

ḃ
,

∂

∂θ̄ȧ
=

∂

∂θ̄ḃ
ǫḃȧ,

∂

∂θ̄ȧ
θ̄ḃ = −δḃȧ, (9)



2 Weyl spinors and 4-vectors

• Minkowski metric:
(gµν) = diag(1,−1,−1,−1). (10)

• Clebsch–Gordan coefficients:

σµ = (σµ,ȧb) = (1,σ), σ̄µ = (σµ

aḃ
) = (1,−σ). (11)

• Properties of σ matrices:

σ
µ
ȧb = σµ,ċdǫċȧǫdb, σ̄µ,aḃ = ǫacǫḃḋσ̄

µ

cḋ
, (12)

σ̄
µ

aḃ
= (σµ

ȧb)
∗, σ

µ
ȧb = σ̄

µ
bȧ, (13)

σ
µ
ȧbσ

ν,ȧb = 2gµν , σ
µ
ȧbσ

ν,ȧc + σν
ȧbσ

µ,ȧc = 2gµνδcb, (14)

σ
µ
ȧbσµ,ċd = 2ǫȧċǫbd. (15)

• 4-vectors from Weyl spinors:

ξ̄σµη ≡ ξ̄ȧσ
µ,ȧbηb = ξ̄ȧσ

µ
ȧbη

b, (16)

ξσ̄µη̄ ≡ ξaσ̄
µ

aḃ
η̄ḃ = ξaσ̄

µ,aḃη̄ḃ = −η̄σµξ. (17)

• Relations:

ξaη̄ḃ = 1

2
(ξσ̄µη̄)σ̄aḃ

µ , (18)

(ξσ̄µη̄)(ξσ̄ν η̄) = 1

2
(ξξ)(η̄η̄)gµν . (19)

3 Dirac- and Majorana spinors

• Dirac matrices in chiral representation:

γµ =
(

0 σ̄µ

σµ 0

)

=

(

0 (σ̄µ

aḃ
)

(σµ,ȧb) 0

)

, γ5 = iγ0γ1γ2γ3 =
(

1 0
0 −1

)

. (20)

• Dirac spinors:

Ψ =
(

(ξa)
(η̄ȧ)

)

, Ψ = ( (ηa), (ξ̄ȧ) ) , (21)

ΨΨ = ξη + ξ̄η̄, ΨγµΨ = (ξ̄σµξ) + (ησ̄µη̄), (22)

Ψc = CΨ
T

= CγT

0
Ψ∗ =

(

(ηa)
(ξ̄ȧ)

)

, C = −iγ0γ2, CγT

0
=
(

0 −ǫ

ǫ 0

)

. (23)

• Majorana spinors:

Ψ =
(

(ξa)
(ξ̄ȧ)

)

= Ψc, Ψ = ( (ξa), (ξ̄ȧ) ) . (24)
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