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Exercise 9.1 Relations for Dirac matrices (2 points)

The Dirac matrices γµ are defined by

{γµ, γν} = 2gµν , γ0γ
µγ0 = (γµ)†, γ5 = γ5 = iγ0γ1γ2γ3 = −

i

4!
ǫµνρσγ

µγνγργσ.

a) Show the relations
{γµ, γ5} = 0, (γ5)

† = γ5.

Calculate the explicit form of γ5 in the chiral representation of the Dirac matrices.
What is the meaning of the matrices ω± = 1

2
(1± γ5)?

b) Derive the following traces:

Tr[γµγν ], Tr[γµγνγργσ].

c) Prove the following trace relations:

Tr[γ5] = Tr[γµγνγ5] = 0, Tr[γµγνγργσγ5] = −4iǫµνρσ,

Tr[γµ1 . . . γµ2n+1 ] = Tr[γµ1 . . . γµ2n+1γ5] = 0, n = 0, 1, . . . .

d) Reduce the number of Dirac matrices in the following contractions:

γαγα, γαγµγα, γαγµγνγα.

Exercise 9.2 Lorentz covariants from Dirac spinors (1.5 points)

a) Prove the following relations:

S(Λ)−1 γµ S(Λ) = Λµ
ν γ

ν , S(Λ)†γ0 = γ0S(Λ)
−1.

b) Using a), show that the quantities

s(x) = ψ(x)ψ(x) = scalar,

p(x) = ψ(x)γ5ψ(x) = pseudo-scalar,

jµ(x) = ψ(x)γµψ(x) = vector,

j
µ
5
(x) = ψ(x)γµγ5ψ(x) = pseudo-vector,

T µν(x) = ψ(x)γµγνψ(x) = rank-2 tensor,

T
µν
5
(x) = ψ(x)γµγνγ5ψ(x) = rank-2 pseudo-tensor.

transform under proper, orthochronous Lorentz transformations x′µ = Λµ
νx

ν as indi-
cated, if the Dirac spinor ψ(x) transforms according to ψ(x) → ψ′(x′) = S(Λ)ψ(x).

c) Determine the transformation properties of the quantities defined in b) under the
parity operation P , where

x′µ = (x0,−x) = (ΛP )
µ
νx

ν , S(ΛP ) = γ0 =

(

0 1

1 0

)

in the chiral representation of the Dirac matrices.


