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Exercise 10.1 Solutions of the free Dirac equation (1 point)

Consider the solutions of the free Dirac equation in momentum space, uσ(k) and vσ(k)
with σ = 1, 2, which are normalized according to

uσ(k)uσ′(k) = −vσ(k)vσ′(k) = 2mδσσ′ , uσ(k)vσ′(k) = vσ(k)uσ′(k) = 0.

a) Prove the completeness relation∑
σ=1,2

[uσ(k)⊗ uσ(k)− vσ(k)⊗ vσ(k)] = 2m1.

b) Express the matrices

Λ+(k) =
1

2m

∑
σ=1,2

uσ(k)⊗ uσ(k), Λ−(k) = − 1

2m

∑
σ=1,2

vσ(k)⊗ vσ(k)

in terms of m, /k and the unit matrix 1. Argue that Λ±(k) are orthogonal projectors
onto the subspaces of positive and negative energies, respectively.

c) Show that
uσ(k)γµuσ′(k) = vσ(k)γµvσ′(k) = 2kµ δσσ′

upon evaluating uσ(k){γµ, /k}uσ′(k) in two different ways.

d) Similarly show that
vσ(k̃)†uσ′(k) = uσ(k̃)†vσ′(k) = 0

upon using γ0/k = /̃kγ0, where k̃µ = (k0,−k) for kµ = (k0,k).

Exercise 10.2 Polarization sums for Dirac spinors (0.5 points)

As in Exercise 10.1, the quantities uσ(p) and vτ (P ) with σ, τ = 1, 2 denote the solutions
of the free Dirac equation in momentum space, where p2 = m2, P 2 = M2. Show that the
following polarization sum

∑
σ,τ can be written as a trace in Dirac space according to∑

σ,τ

[
ūσ(p)Γvτ (P )

]∗[
ūσ(p)Γvτ (P )

]
= Tr

[
(/P −M)Γ̃(/p+m)Γ

]
.

Here Γ is an arbitrary 4× 4 matrix and Γ̃ = γ0Γ
†γ0.

Please turn over !



Exercise 10.3 Field operator of the free Dirac fermion (1 point)

Consider the following plane-wave expansion of the field operator ψ(x) of the free Dirac
fermion,

ψ(x) =

∫
dp̃
∑
σ

[
e−ipxuσ(p)aσ(p) + e+ipxvσ(p)b†σ(p)

]
,

where a
(†)
σ (p) and b

(†)
σ (p) denote the annihilation (creation) operators of the particle and

antiparticle states, respectively, which obey the anticommutation relations

{aσ(p), a†τ (k)} = {bσ(p), b†τ (k)} = 2p0(2π)3δστδ(p− k), {aσ(p), aτ (k)} = · · · = 0.

a) Calculate the operator

Q̂ = Qe

∫
d3x : ψ(x)γ0ψ(x) :

of electric charge in momentum space.

b) Derive the commutators [Q̂, a
(†)
σ (p)] and [Q̂, b

(†)
σ (p)] and interpret the result.

Exercise 10.4 Free Dirac propagator (1 bonus point)

The free Dirac propagator is explicitly given by

SF (x, y) =

∫
d4k

(2π)4
e−ik(x−y)

/k +m

k2 −m2 + iε
.

a) Upon carrying out the k0-integration, show that SF (x, y) can be written as

SF (x, y) = −iθ(x0 − y0)
∫

d3k

(2π)32k0
e−ik(x−y)(m+ /k)

∣∣∣
k0=
√
m2+k2

−iθ(y0 − x0)
∫

d3k

(2π)32k0
e+ik(x−y)(m− /k)

∣∣∣
k0=
√
m2+k2

.

b) We denote the solutions of the free Dirac equation with positive and negative energies
ψ(+)(x) and ψ(−)(x), respectively. Show that

θ(x0 − y0)ψ(+)(x) = i

∫
d3y SF (x, y)γ0ψ

(+)(y),

θ(y0 − x0)ψ(−)(x) = −i

∫
d3y SF (x, y)γ0ψ

(−)(y).


