
Exercises “Modern methods of Quantum Chromodynamics” WS 14/15

Problem 12 (4 Points) Spinor identities

a) Derive the following identities:

[p|γµ |k〉 = 〈k| γµ|p],
〈p|γµγν |k〉 = −〈k|γνγµ|p〉 .

b) For a set of n light-like momenta k1, . . . kn and an arbitrary spinor |q〉, show the
so-called eikonal identity:

n−1∑
i=1

〈kiki+1〉
〈kiq〉 〈qki+1〉

=
〈k1kn〉
〈k1q〉 〈qkn〉

.

Problem 13 (4 Points) Polarization vectors

The gluon polarization vectors can be defined in terms of reference spinors |q〉 and [q| as

εµ+(k, q) =
[q|γµ |k〉√

2 [kq]
, εµ−(k, q) =

〈q| γµ|k]√
2 〈qk〉

,

with ε∗± = ε∓. Derive the following properties:

a) Normalization:
ελ(k, q) · ε∗λ′(k, q) = −δλ,λ′ .

b) Gauge transformation:

εµ−(k, q)− εµ−(k, q′) =
√

2
〈q′q〉

〈q′k〉 〈qk〉
kµ.

c) Completeness relation∑
λ=±

εµλ(k, q)εν∗λ (k, q) = −gµν +
kµqν + qµkν

(k · q)
.

Problem 14 (2 Points) Momentum conservation

For a 2 → 2 scattering process of massless particles with incoming momenta p1/2 and
outgoing momenta k1/2 with momentum conservation, p1+p2 = k1+k2, derive the identities

〈p1k1〉 [k1p2] = −〈p1k2〉 [k2p2] ,
〈p1p2〉 [p2k1] = 〈p1k2〉 [k2k1] .



Spinor formulas

• Notations for Weyl spinors:

pA ↔ |p+〉 = |p〉 pȦ ↔ |p−〉 = |p],
pȦ ↔ 〈p+| = [p| pA ↔ 〈p−| = 〈p|

• Antisymmetric symbol

εAB = εAB = εȦḂ = εȦḂ =

(
0 1
−1 0

)
.

• Raising and lowering indices

pA = εABpB, pḂ = pȦεȦḂ

pB = pAεAB , pȦ = εȦḂpḂ,

• Spinor products:

〈pk〉 = 〈p− |k+〉 = pAkA [kp] = 〈k + |p−〉 = kȦp
Ȧ

• Properties of Pauli matrices:

σµ
ȦB

= σµ,ḂCεḂȦεCD σ̄µ,AḂ = εACεḂḊσ̄µ,CḊ

σµ
ȦB

= (σ̄µ
AḂ

)∗ = σ̄µ
BȦ

σ̄µ,AḂ = (σµ,ȦB)∗ = σµ,ḂA

• Matrix elements of Pauli matrices:

pȦσ
µ,ȦBkB ≡ 〈p+ |γµ|k+〉 = [p|γµ |k〉 ,

pAσ̄µ
AḂ
kḂ ≡ 〈p− |γµ|k−〉 = 〈p| γµ|k]

• Schouten identity: εABεCD + εACεDB + εADεBC = 0.

Relations for spinor products:

|p〉 〈kq〉+ |k〉 〈qp〉+ |q〉 〈pk〉 = 0,

|p] [kq] + |k] [qp] + |q] [pk] = 0.

• Fierz identity:

〈p| γµ|k] 〈q| γµ|l] = 2 〈pq〉 [lk] , [p|γµ |k〉 [q|γµ |l〉 = 2 [pq] 〈lk〉


