Exercises “Modern methods of Quantum Chromodynamics” WS 14/15

Problem 1 (1 Point) SU(3) transformations

The quantum states of quarks |¢) and antiquarks |g) carry a colour index ¢ = 1,2,3 and
transform under rotations in colour space as

|a;) = U7 |ay) 7) = |&) (UD);'
with unitary 3-by-3 matrices U with unit determinant. Show that the state
D) = €7 |g;) ® |ax)

transforms in the same way as an antiquark.

Problem 2 (4 Points) Pauli Matrices and spinors
The spinors of left- and right-handed massless, relativistic spin 1/2 particles are given by
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a) Show that the above spinors are solutions to the massless Dirac equation in momen-
tum space,

7puun(p) =0,
for p,p"* = 0. The gamma matrices and sigma matrices are defined as
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b) Verify that the spinors satisfy the normalization condition

U (p)y Ui (p) = 29" 05pr  with 0,0" = L/R.

c¢) Derive the identity
O'Zba-,u,cd = 25ad($bc

Here the indices a = 1,2, etc. are spinor indices. You can use the normalization
of the Pauli matrices, tr(c#”) = 2¢", and the fact that any hermitian two-by-two
matrix A can be written as a linear combination of Pauli matrices and the unit
matrix, Ag = Aoday + Y, Aioly, = Aoty

d) Derive the expression
2puk = (pk) [kp]
for light-like momenta p, k, with the spinor products

(pk) = ur(p)ur(k) = u' (pup(k),  [kp] = ar(k)ur(p) = ul (k)u_(p).



Problem 3 (3 Points) Pauli- Lubanski Vector

Verify the commutation relations of the Pauli-Lubanski vector W, = —%EW,,UP”M P? with
the generators of the Poincaré algebra:

e P =0, (I, M) =i (g — g
You can use the Poincaré Algebra:

(MM MP?) = —i (¢"° MY — gho M — g"P M*" + g M**)
[P*, P"] =0,
[P, M) =i (9" P7 — " P").

and the identity

0= JapB€puvpo + Gap€vpop + Gow€popp + Gap€opuv + Jao€Buvp

Problem 4 (2 Points) Vector-boson fields in azial Gauge

Consider free photon Lagrangian in QED with an axial gauge fixing-term:

1
Ly = _ZFWFW + Ly, F,, =0,A,—0,A,
1
Eﬁx = —Q—S(TLMAN)Q,

where n# is a constant four-vector. Compute the free photon propagator in momentum
space D%’ (p) for this gauge.

Hints: Writing the free photon Lagrangian for the field A* in the form
1 v
L= SA@)DE (2)A, (1),
the propagator in position space is the Green function for the operator D, :
DzyDF,Vp(xa y) = 19564(:C - y)
The propagator in momentum space is given by a Fourier transform:

D (r.9) = [ Tk ciken D
L (2m)* PP

Make an Ansatz for the tensor structure of D4 (p).



