
Exercises “Modern methods of Quantum Chromodynamics” WS 14/15

Problem 1 (1 Point) SU(3) transformations

The quantum states of quarks |q〉 and antiquarks |q̄〉 carry a colour index i = 1, 2, 3 and
transform under rotations in colour space as

|qi〉 → Ui
j |qj〉 |q̄i〉 → |q̄j〉 (U †)j

i

with unitary 3-by-3 matrices U with unit determinant. Show that the state

|Di〉 ≡ εijk |qj〉 ⊗ |qk〉

transforms in the same way as an antiquark.

Problem 2 (4 Points) Pauli Matrices and spinors
The spinors of left- and right-handed massless, relativistic spin 1/2 particles are given by

uR(p) =

(
u+(p)

0

)
, u+ =

1√
(p0 − p3)

(
p1 − ip2

p0 − p3

)
,

uL(p) =

(
0

u−(p)

)
, u− =

1√
(p0 − p3)

(
p0 − p3

−(p1 + ip2)

)
.

a) Show that the above spinors are solutions to the massless Dirac equation in momen-
tum space,

γµpµ uλ(p) = 0,

for pµp
µ = 0. The gamma matrices and sigma matrices are defined as

γµ =

(
0 σ̄µ

σµ 0

)
, σµ = (1, ~σ) , σ̄µ = (1,−~σ).

b) Verify that the spinors satisfy the normalization condition

ūσ(p)γµuσ′(p) = 2pµ δσσ′ with σ, σ′ = L/R.

c) Derive the identity
σµabσ̄µ,cd = 2δadδbc

Here the indices a = 1, 2, etc. are spinor indices. You can use the normalization
of the Pauli matrices, tr(σµσ̄ν) = 2gµν , and the fact that any hermitian two-by-two
matrix A can be written as a linear combination of Pauli matrices and the unit
matrix, Aab = A0δab +

∑
iAiσ

i
ab ≡ Aµσ

µ
ab.

d) Derive the expression
2pµk

µ = 〈pk〉 [kp]
for light-like momenta p, k, with the spinor products

〈pk〉 ≡ ūL(p)uR(k) = u†−(p)u+(k) , [kp] ≡ ūR(k)uL(p) = u†+(k)u−(p).



Problem 3 (3 Points) Pauli-Lubanski Vector

Verify the commutation relations of the Pauli-Lubanski vector Wµ = −1
2
εµνρσP

νMρσ with
the generators of the Poincaré algebra:

[W µ, P ν ] = 0, [W µ,Mρσ] = i (gµρW σ − gµσW ρ) .

You can use the Poincaré Algebra:

[Mµν ,Mρσ] = −i (gµρMνσ − gµσMνρ − gνρMµσ + gνσMµρ) ,

[P µ, P ν ] = 0,

[P µ,Mρσ] = i (gµρP σ − gµσP ρ) .

and the identity

0 = gαβεµνρσ + gαµενρσβ + gανερσβµ + gαρεσβµν + gασεβµνρ

Problem 4 (2 Points) Vector-boson fields in axial Gauge

Consider free photon Lagrangian in QED with an axial gauge fixing-term:

LA = −1

4
FµνF

µν + Lfix, Fµν = ∂µAν − ∂νAµ

Lfix = − 1

2ξ
(nµAµ)2,

where nµ is a constant four-vector. Compute the free photon propagator in momentum
space Dµν

F (p) for this gauge.

Hints: Writing the free photon Lagrangian for the field Aµ in the form

LA =
1

2
Aµ(x)Dµνx (x)Aν(x) ,

the propagator in position space is the Green function for the operator Dµν :

Dµνx DF,νρ(x, y) = igµρ δ
4(x− y).

The propagator in momentum space is given by a Fourier transform:

iDµν
F (x, y) =

∫
d4k

(2π)4
e−ik(x−y)Dµν

F (p).

Make an Ansatz for the tensor structure of Dµν
F (p).


