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Exercise 5.1 (1 point) Integration over Grassmann variables

We consider a Grassmann algebra with the 2N generating elements yk, y
∗
k (k = 1, . . . , N).

a) The generators yk will be replaced by new generators zk with the mapping zi = aikyk,
where aik denote the coefficients of a complex matrix A. Show that the corresponding
differentials transform as dzi = ãikdyk, where ãik are the coefficients of the matrix
that is the transposed inverse matrix of A.

b) Using a), derive∫
dz1 · · ·

∫
dzn F (z) = (detA)−1

∫
dy1 · · ·

∫
dyn F (z(y)).

c) With the help of b) show that the Gaussian integral is given by∫
dy1 · · ·

∫
dyn

∫
dy∗n · · ·

∫
dy∗1 exp{y∗i aikyk} = detA.

Exercise 5.2 (1.5 points) Generating functional of free Dirac fields

The generating functional of free Dirac fields ψ, ψ is given by the functional integral

Zψ,0[η, η] = N
∫
Dψ

∫
Dψ exp

{
i
∫
d4x

[
ψ(x) (i/∂ −m)ψ(x) + η(x)ψ(x) + ψ(x)η(x)

]}
with the normalization Zψ,0[0, 0] = 1. The source fields η, η are of Grassmann-type.

a) Analogous to the procedure for scalar fields, calculate the functional Zψ,0[η, η] as

Zψ,0[η, η] = exp
{∫

d4x
∫
d4x′ iη(x) iSF (x− x′) iη(x′)

}
,

where iSF (x) is defined by (i/∂ −m) SF (x) = δ(x).

b) Starting from the generating functional Zψ,0[η, η], derive the fermion propagator

Gψψ
0 (x1, x2) =

δ

iδη(x2)

δ

iδη(x1)
Zψ,0[η, η]

∣∣∣
η,η=0

.

c) Solve the differential equation for SF (x) in momentum space and derive an explicit
form of the Fourier representation of the propagator

Gψψ
0 (x1, x2) =

∫ d4q

(2π)4
e−iq(x1−x2) G̃ψψ

0 (q).

Please turn over !



Exercise 5.3 (1 point) Green’s function for the elementary quark–gluon interaction

The generating functional of QCD can be written as

Z[Jaµ , η, η] = N exp

{
i
∫
d4yLI

(
Aaµ(y)→ δ

iδJµ,a(y)
, ψ(y)→ − δ

iδη(y)
, ψ(y)→ δ

iδη(y)

)}

× ZA,0[Jaµ ]Zψ,0[η, η],

Z[0, 0, 0] = 1,

ZA,0[J
a
µ ] = exp

{
1
2

∫
d4x

∫
d4x′ iJµ,a(x)GAA,ab

0,µν (x, x′) iJν,b(x′)
}
,

Zψ,0[η, η] = exp
{∫

d4x
∫
d4x′ iη(x)Gψψ

0 (x, x′) iη(x′)
}
,

where the Lagrangian for the quark–gluon interaction is given by LI = −gψAaµT aγµψ.
Calculate the Green’s function

GAψψ,a
µ (x1, x2, x3) =

δ

iδJµ,a(x1)

δ

iδη(x3)

δ

iδη(x2)
Z[Jaµ , η, η]

∣∣∣
Jaµ ,η,η→0

in lowest-order pertubation theory and, after transforming into momentum space, verify
that the corresponding amputated Green’s function agrees with the Feynman rule −igT aγµ.


