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Chapter 5

Quantization of the electromagnetic

field

Experimental observation:

Elmg. fields of frequency v emits / absorbs enerqy in portions hv = hw.

Elmg. fields of frequency v emits / absorbs momentum in portions h/\ = hk.

= Qm. principles should be applied to the elmg. fields !

13



14 CHAPTER 5. QUANTIZATION OF THE ELECTROMAGNETIC FIELD

5.1 Free electromagnetic fields

5.1.1 Classical description

Maxwell’s equations:

—

x E = —B,
B=

=,
<|1

Y = p/éo,

— —

VB =0, V x B/ + o], (5.1)

where the electric charge p and the current density jvanish for free fields: p = O,j: 0.

Gauge potentials A and ®:
— eliminate the homogenous Maxwell egs. by construction:

— —

B=VxA F=-Vo- A (5.2)

Field eqs. for A and @

OA + V(VA+&/c?) = oj, AD + VA= —ple. (5.3)
' 1 0
Recall: 0= Er i A\ = wave operator

Elmg. gauge invariance:

Field strengths E and B (which define the physical state of the classial system) are invariant
under the “gauge transformation”:

A A=A+ Vy, d— P =y, (5.4)
with y denoting any function x = (&, t).

= Field egs. can be simplified by “fixing a gauge”, e.g.:

o VA 0, “Coulomb gauge” (used in the following),

o VA+4 ®/c> =0, “Lorenz gauge” (appropriate in relativistic theories).
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Free elmg. radiation in Coulomb gauge (“radiation gauge”):

o =0, (5.5)
[OA =0, homogenous wave equation, (5.6)
VA=0. (5.7)

Basis solution for finite volume V' (cubic box of side length L):
o Ansatz: A%, t) = £efiivt 2= const.
e From Eq.(58): —— +k2=0, ie w=-clk|l=ck.

e From periodicity: k= 2L, n; €7, e all k on discrete lattice.

e From Eq. D kE=0 —2 independent solutions (“polarizations”) for each k.
q

Convenient choice of &,(k):  “helicity basis” &4 (k).
(! }
€ =— | £ for k= ke, other directions via rotations, (5.8)
V2 \ o

i.e. & describe right/left-circular polarization,

normalization: &) -y = v, €1 = Ex, (5.9)
kakb

completeness relation: Z 5A7G(E)5§\7b(l§) = Oap — 2

A==+

= General solution for A(Z, t):

-, -,

= 1 o
A7, t) = — ax(k) &x(k) kvt 4 c.c. . 5.11
( ) ;;\/W )\( ) )\( ) R , ( )

arbitrary amplitudes complex conjugate

(normalization defined with some foresight)

Field strengths derived from A(Z,¢):

B =133 Q:)JV (mzz) &y (k) elFi—ivt c.c.), (5.12)
A

B@.1) =133 e (an(B)F x S3(F) 5 — e (5.13)
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Energy H,.q and momentum ]3rad of the field configuration:

1, =, =
Hrad:/d3$—<€0E2+B2/,U0>
v 2

_ L d*z Z {\/m <a,\(lg) a(k) QiFE it _ c.c.) : <a,\/(lg’) Ev (k) QIR Ewt c.c.)

TR S (mzz) K x &(k) elfe—iot _ c.c.) : (awz') K x Sy (k') elFE—iw't c.c.)}

]_ - — - T TN = . /
= ) & 2 { i (a(F) ax (F) 5(F) - 2 (/) @EHE ot

/dgl‘ — Vél;,—l;’

= Zg <a,\(l§)a>\(l§)* + a,\(lg)*a,\(lg)) , (5.14)
EA
B /vdgx CEx B g (ar(Bhar(R)* + ar(Fy*an(B)) (5.15)
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5.1.2 Quantization

Comparison with system of harmonic oscillators:

mkwk ~2 ~ N .
H= Z (ka %) (G, i) = 1R

hwy /. . i o o R
= Tk (akaL + a@k) o fak,al) = Owe, ok, dw] = [af, al] =0,
k

mng Zhwk (nk+ ) nk:07172,---

= Promote classical amplitudes a,(k) and ay(k)*
to annihilation and creation operators viiax(k) and vhay (k)1

e Commutators:
[ax(k), ax (K1 = o0z, [an(k), ax (K)] = [ax(F)T, an (K)1] = 0.

e Hamilton operator:

e Field operator:

Y s 1k::1: iwt Nt =% 10 —ik@+iwt
Az ZZ,/%EOV KOE + k) R e )

— A(Z,t)" = hermitian.

Perform continuum limit V' — oo:

i = 5(k — k'),
&3k
XV

rescaling:  ax(k)T — ay(k)D /VV.

17
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= Results:

e Commutators:

[an(R). an (K] = (2m)° Sax 0k = &), [d/\(lg)ad/\'(%/)]:[dA(E)TadX(E,)T]:

e Field operators:

- dgk N o TN kT —iwt N TN o (T —ikTtiwt
Az, Z@/QMO NOBGE + ax(k) Ex(k)e

N———

(5.24)

6%?(5:’, t) =0, Coulomb gauge condition, (5.25)
@ t) = %A(f 0, (5.26)
B(@ 1) =¥ x A(#,t). (5.27)

e Hamilton operator:

Flona = / % Z@ (ax(Rras(R)! + an(FYlan(F)) (5.28)

e Operator for field momentum:

~

5 A3k RE (. o e oo
Pt — / o 2;— (ax(Baa(B)' + an(RYlan(h) ) (5.29)

Considerations about the field operators:

e By construction, the field operators obey their “egs. of motion” (EOM) and thus are
defined in the Heisenberg picture of time evolution.

e The quantized elmg. field defines a qm. system with infinitely many degrees of free-
dom:

— The field modes characterized by k and \ are independent harmonic oscillators.

— Alternatively, the field can be interpreted to allow for excitations at each point
Z, but the fields at different points are NOT independent (derivatives in EOM
correspond to interactions of neighbouring points).
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e Still to be clarified: .
What is the canonical momentum variable corresponding to A(Z,t) 7

— Use again analogy to harmonic oscillator:

h 5
. . i .
= ay + a ) —  A(Z,1),
e 2mpwy ( b k (%.1)
~ hmkwk T aff . .
P =1 5 (ak — ak) — E(l’, t) 7 (because of factor “i” and sign change)

Calculation of commutator (at equal times!):

- 0A, A3k BE iwh
Aa(l‘at)va—tb(yat)] :/(27.(.)3 /( 260\/—2

AN
x [(dk(lg) 5)\@(}2) eikf—iwt + CAL)\(E)Ta?;?a(E) e—iEf—i—iwt) :

<_&/\’ (E/) 5,\',b(];/) eF Tt d,\/(/;')T s)’f/vb(lg’) e’i’??ﬂi“’/tﬂ

- / &k / BE wh >
- (27T)3 (27T>3 260\/ ww' AN

 ( [anF). s (7] enalf) e () 55

/

=(27)3 &, \s S(k—K")

P g S

—ih d*k N % (T AR(E—T
IQEO/W ( ZEA,a(k) g5 (k) M9 4 C.C.)
A

=6ab— kng
3 .
1h d k 5ab o kakb eik(f_g) '
(27)3 k2
= 05(7 — ), “transverse J-function”
= Identification of conjugate momentum variable:  II(Z,t) = eo%—ftf(f, t) = —eoE(Z,1).

~

Aa('f7 t)v ﬂb(ga t) = lh’é(ﬁ('f o g) (53())
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Comments:
e Definition of TI(#, ) should be verified upon checking the canonical EOMs.

e 04 (%) = 3 x 3 matrix-valued projector on transverse vector fields:

a3k kaky\  ia ”? 1
1= o alvb ikT — —
% ) = /(27)3 (5“ k2 ) ¢ 9a0(F) + O, 0y AT|Z|’ (5:31)

Vi (@) = / dPy Y (T =D V(@) = Val@) + / ay 2 Vo)

- Orq Am|T — |
— VV(@) =0. (5.32)
&i 6p(Z) =0,  Tr{d"(2)} = 26(2) (5.33)

e Relativistic covariance of quantization in Coulomb gauge maintained, but non-trivial
to prove.

e Manifestly relativistcally covariant quantization possible (“Gupta—Bleuler method”):
© [A“@a t), 117 (5, t)| = ihg"6(i — i) for field operators.,
o (¢|3MA“|¢>> = 0 for states |¢).

— Lecture on relativistic QFT !
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“Fock space” of photons (follows analogy to harmonic oscillator)

e “vacuum state” |0) (no photons):  (00) =1, ax(k)[0) =0 VA k.

. A .
= Evac - <O|Hrad|0> = Z 9 <O|a,)\ k? a)\ +M|O = Z 7 — 00,

EA EA

(0| Pog|0) = 5 =0 (5.34)
EA
Note:  Meaning of infinite vacuum energy not really fully understood,
but not very problematic in practice, since not directly measureable.

Measured:  “Casimir effect” = force between two electrically neutral metal plates
= change of vacuum energy with changing volume.

— Redefine ]:Irad by splitting off unobservable F.,.:

IA{rad — f{rad - Evac~ = f{rad - Z hw dA(E)TdA(E) (535)
EA
e 1-photon states: |k, \) = a ( F)T0), (kMK XY = (21)3 dan 6(k — k).
Hyaalk, ) =Y ' ax (K) ax (K') ax(k)T)0)

K pY

= anf(ax@')* [aw?) ax(B)'| + ay BT oo ) o)
Y h g

75”5%,

= hwax(F)'[0) = fw [k, A),
ﬁrad|£a )‘> = h]g“ga >‘> (536)
Polarization clarified upon investigating behaviour of |E, A) under rotations.
— |l§, A) = state with 1 photon of energy hw, momentum hk, and polarization 5,\(15).

e N-photon state:

N
B At v A o (H aw%n)*) 0). (5.37)

k1, At ..ok, Ay) = symmetric under exchange of any pair (k;, \;) and (Ej, Aj).

= Bosonic states !

N
Hrad|k?1, ALy EN, )\N> = Zhwn |E1, Ak >\N>,
n=1

R N
Praalkr, Ais ik, Aw) = Y bl [k, A, Aw). (5.38)

“Fock space” F = Hilbert space spanned by all multi-photon states.
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5.2 Interacting electromagnetic fields

5.2.1 Classical fields

Considered system: N particles with masses m,, and electric charges ¢, at positions 7,
(n=1,2,...,N).

Charge density:  p(Z) =), ¢.0(Z — Z,).

Electric field E and potentials in Coulomb gauge (ﬁff =0):

E=-Vd —A=El4+FE*" (5.39)
——
=El =FL

VE=VEl = —A® =p/e,. — &)= Z S ——— dynamical variable!
— ATeo|T — T
) —/T, VE = 1= Eof_f = —EOE_:L = canonical momentum variable to A.

Hamilton function:

H = Hmatter + Helmg7 (540)

(7 - 4 A, t)J)Z, (5.41)

= m,T, = cartesian momentum # p,.

n

- 5 1
Hmatter({xnapn}) - ZQm

- — 1 — —
Hamg(ATI) = /d3x§ <€0E2+32/M0> (5.42)
Vv
]_ — — — — —
= [/d3x§(60<El)2 + ZEEE_’J_E” —+ €0<E”)2 + BQ/,M())
= (VEH® =0 = —®AD = pd
P.I P.I.
1 . .
_ 3 1\2 2
_ /de§(eo<E P+ B?w) + an %)
1/ .
= [ @3 (e + (% AP /0) + Veul(5))
14
= rad("zf _»)
B Gmn
Viou n = 5 Eserg -
Com({Zn}) Z < Ameo| T, — Ty S

= self-energy of point charges
= constant, but — oo

= H = Hmatter + VCouL + Hrad-
= H'

matter
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5.2.2 Quantization

Consider again system of N point charges as before.

Qm. states of matter particles:

e Operators according to the correspondence principle:

Hipsser {70 5}) = Hier (T, 50}

= Z 1 <ﬁn—qn/f(l:‘)n,t))2 + VCoul({%n})v

~ 2m,,
with (T4, Pmp] = 10mndap- (5.43)

e Many-particle states [)) = |¢1) - - - |1,) as direct products
(anti-symmetrized /symmetrized if needed).

e Operators and states defined in the Schrodinger or Heisenberg picture as usual.

Quantized radiation field: (Coulomb gauge VA = 0)

New: @ does not vanish, because A® = —VEI = —p/eo # 0.
But: & completely determined by charge distribution p, see Eq. (5:39).
< ® and E! are not dynamical variables.

—

Dynamical variables:  A(Z,t) and (7 t) = eA(T, 1) = —eoE-(Z,1).
e Justification of II as canonical mom. variable by verifying EOMs (Maxwell’s eqgs.).

Note:  Definition formally identical to free-field case, because interactions do not

involve A.

Promotion to field operators:  A(Z,t) — A(Z,t), T(Z,t) — I(Z,1).

Note: A and I obey canonical EOMs (in the Heisenberg picture) and thus do not
have simple plane-wave expansions as for the free fields given in Eq. (5.24]).

e Hamiltonian:
A N 1|2 - 5 2
Hooa (A,H) - / ds 5 [H(f,t)Q/eo + (VxA(f,t)) /uo}. (5.44)
1%
e Equal-time commutators:
Aa(@ 1), T0(7.1)| = ih 857 - 7). (5.45)

Photon states |¢) € F, but states with fixed number of photons # eigenstates of H.
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Complete system:

e Hamiltonian:

H = Hr/natter ({%7%]%;1}) + f{rad <A)7 ﬁ) . (546)
e Composite states:
|\I'> = W> ® ‘(b) = W})‘(b) € H = Humatter ® F. (5-47>
— =~
matter part photon part
Note
o T, Py act on |1),
o AT act on |¢).

e Interaction picture:

¢ Free Hamiltonian:

> 2
Hy = 2pn + H,.qa = Hamiltonian for free particles / photons. (5.48)
my

< Mode decomposition (5.24) of A(Z,¢) and N-photon states (5.37)
correspond to exact field operators and states of the unperturbed system

o Interaction Hamiltonian (“perturbation”):

Hy = Z(_%E@,wﬁn e (! 02) + Veau(t8}).  (5.49)

— Other variants of splitting H into Hy and Hiy possible.

Example: e~ in atoms

— Viou considered as part of ﬁo.
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5.2.3 Application: 1le  atoms in quantized radiation field

Recapitulation of classical elmg. field (see end of Section I11.4)

e Classical radiation field:  (monochromatic, Coulomb gauge)
A(Z,t) = Apf cos(kT — wt), kE=0. (5.50)

Average energy density:

pE = 2e0w’Aj. (5.51)
e Unperturbed gm. system: le™ in Coulomb field of nucleus
R A
Hy = Veouw (T). 5.52
0 e + Veou (7) ( )

Perturbation:  interaction with classical A to linear order

e = — A7, )5

me
—he Wt 4 plet  h= mi &R Ay &P, (5.53)
e Amplitudes for atomic transition i) — |f):  (|i),|f) = atomic energy eigenstates)
2. € ik = D) -
hyi = (fIhli) = — Ao {f]e™ EPT0),
Me ——
= My(k)
. e .
h}i = (fIn']i) = o Ag Myi(—F). (5.54)
e Rates of absorption / stimulated emission:
Weiabs 27 4mlacpy -
fT =+ \hyil? 6(Er — By — hw) = R | My (F)[?6(Ef — Ei — hw),
Weistem 2T 4 o 4mlacpy > o
———— = —|h,|70(E; — B; + hw) = ——— | My (—k)|*6(Ef — E; + hw).
e S By = B+ ) = T (M (<R 8(y — Bt )

(5.55)

— Further manipulations with dipole approximation for My;, average over
polarization, and integration over frequency spectrum of radiation.
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Interaction with quantized radiation:
e Quantized radiation field:  (single mode, Coulomb gauge)

h o o . oo .
(a(k;)g(k;)elkx—w+a(k)*5*(k)e—lkm+lwt), F=0.  (5.56)

Average energy density:

N
PE = % hw, N = number of photons in volume V. (5.57)

e Unperturbed gqm. system: 1le™ in Coulomb field of nucleus + free radiation field

29
H, = QZ;L —+ Veou (%) + Hya. (5.58)

e Perturbation: interaction with quantized A to linear order

L . T
= he @t 4 htewt = mi N sy O k) SR (5.59)

e Amplitudes for transition |W;) — [Uy):  |[U;) = |0)|¢ds), |Ys) = [)|of),

7 € h ~ 0T Kz 22|
= i) = -y (oo (116 i
=My;(k)
T S TR I B AN DN N (T
B, = (gl = £\ [ Goyla (R)]6) M), (5.60)
Photon states:
At ]; N
lp;) = %m% normalized N-photon state,
at(k)™
o9 = B, (5:61)
= <¢f‘&(l§)|¢z’> = VNéy o1, (¢f\&T(E)|¢z'> = VN + 10y N1 (5.62)

1-photon absorption 1-photon emission
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Squared amplitudes:

he* N - e pg -
h i2 - - Mz ]{Z 2: Zk 2
sl = e 77 MR = 552 M ()P
he? N +1 "
e e
e2pg - he? 1 -
= J(—F)? — |Myi(—Fk) 5.63
e MR + 5 7 Mp(=F) (5.63)

e Rates of absorption / stimulated emission as for classical radiation:

Wi abs 4Ar’acpy -
T - m2w? |Myi(k)|“0(Ef — E; — hw),
Wfi,st.em . 47T2()éCﬁE

T m2w?

|Mi(—k)[?6(Ef — E; + hw). (5.64)

NEW:  contribution for “spontancous emission” (independent of pg !):

Wf@' sp.em 7T€2 2
— = My, 0(Ey—E;+h 5.65
s = T M ()R A(ES - it ) (5.65)
= transition rate for emitting a photon

with specific momentum hk and polarization &

(5.66)

e Decay width I'y; = hxrate for the atomic transition |i) — |f) via spontaneous
emission of any photon in dipole approximation:

whe? 1
Iy = ZZ |Mi(—Fk)?6(Ey — E; + hw)

ewmQV

whe? -
= v Z > IMp(=k)|* 6(Ef — Ei + hw)
pol

eowm?

4

~~

_ / d3k = Zmew?ffjg /3 in dipole approximation,
- 3 - 2.
(2m) hwip = E; — Ey, Z5; = (f|Z]i).

_ / A3k 2me? wf:pfz
(2m)3  3ew

0w — wir), w=ck

2,3 22 3
_ CWiTh 4w,

3meged 3c?

Total decay width (“natural width”) I'; of atomic state |i):

(5.67)

Z Iy, 7 = lifetime of |i). (5.68)

f
Ey<E;



